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Abstract 

In this paper we derive various sufficient conditions on the pressure 
for vanishing velocity in the incompressible Navier-Stokes and the Eu- 
ler equations in M^. 
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1 Introduction 

1.1 The Navier-Stokes and the Euler equations in 

We are concerned on the Navier-Stokes and the Euler equations for incom- 
pressible fluid flows on R^, N eN,N > 2. 

— + (v ■V)v = -Vp + uAv (x, t) e X (0, cx)) 
at 

divt; = 0, (a;,t) gM^ X (0,oo) 

where v{x, t) = {v^{x, t), ■ ■ ■ , f ^(x, t)) is the velocity, p = p{x, t) is the pres- 
sure, u > is the viscosity. The Navier-Stokes system(NS) corresponds to 



u > 0, while the Euler system(E) corresponds to z/ = 0. Given a, be R^, we 
denote by a® 6 the N x N matrix with {a®h)ij = aibj. For two N x N matri- 
ces A and B we denote A : B = J2fj=i ^ijBij- Given m G NU{0}, q G [1, oo], 
we introduce 



W^^\W^) := [v e [iy'"'^(M^)]^, divt; = O} , 

where Vr™''^(M^) is the standard Sobolev space on M^, and the deriva- 
tives in the operation of div (■) are in the sense of distribution. In par- 
ticular, := and L^(M^) := iy°'5(M^). Similarly, given 
q G [1,cxd], we use L^g^^(M^) to denote the class of solenoidal vector fields, 
which belongs to [//^^^(M^)]^. In we define weak solutions of the Navier- 
Stokes(Euler) equations as follows. 

Definition 1.1 We say that a pair {v,p) E L'^{0,T; Ll^^^(R^))xL\0,T; Ll^{R^)) 
is a weak solution of {NS, E) on X (0,T) if 

v{x, t) ■ (f){x)^'{t)dxdt - [ [ v{x, t) O v{x, t) : V(f){x)^{t)dxdt 



T 

p{x,t)dw (f){x)^{t)dxdt + u I I v{x,t) ■ lS.(j){x)^{t)dxdt, 



and 



T 

v{x, t) ■ Vi){x)i{t)dxdt = (1.2) 



for all e e C^{0,T), G [Co°°(M^)]^ and ^ G Co°°(M^). 

Notice that in our definition of weak solution of the Navier-Stokes equa- 
tions the condition for the velocity is weaker than that for the standard 
definition, introduced by Leray([6j), which require v G L°°(0, T; L^(]R^)) n 
L^{0,T;Hl{R^)). If we choose, in particular, = V/i in (JTI]), using (lOD, 
we have 

^{t)p{x,t)Ah{x)dxdt = — 2, / / ^{t)vj{x,t)vk{x,t)djdkh{x)dxdt 
for all h G ^^^(M^) and ^ G 0^(0, T), from which we deduce 

/ p{x,t)Ah{x)dx = — 2, / Vj{x,t)vk{x,t)djdkh{x)dx (1.3) 
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for all h e C^(M^) and for almost every t G [0,T], which is the weak 
formulation of the well-known relation between the pressure and the velocity, 

N 

Ap = - djdkiv.Vk) (1.4) 
i,fc=i 

for the solution of (NS,E). Our purpose in this paper is to derive sufficient 
conditions of the pressure leading to vanishing velocity from (11. 3p . We note 
that our study is different to the Liouville type properties of the weak solution 
of the Navier-Stokes equations, as investigated in j^, which derive triviality 
of solution starting from certain decay assumptions on the solution. Also, 
we seek the pressure properties and conditions leading to the triviahty of 
solutions, which is different from the study of regularity conditions of the 
pressure, as done in [H [H HI |9] . Our first theorem is the following. 

Theorem 1.1 Let {v,p) be a weak solution of the incompressible Navier- 
Stokes(Euler) equations. Lett G {s G [0, cx)) | |t;(-,s)p+ b(-,s)| G L^(R^)}. 
Then, 

I p{x,t)dx'^ = - \vj{x,t)\^dx.'. <0 (1.5) 

for almost every Xj G M and for all j = 1, ■ ■ ■ , A^, where we denoted x.'j : = 

(xi , . . . , Xj — i, Xj , . . . , X]\f^ . 

Remark 1.1 Let S'^ := {x G M'=+^ | |x| = 1}. Given (^,Xo) G S^^^ x R^, 
we define the hyperplane n(^,xo) = {s G | ^ ■ (a; — xq) = 0}. Then, the 
formula (11.51) can be generalized straightforwardly as follows 

I pdx = - [ \v^\^dx<0 V(^,Xo) G X M^, (1.6) 

which implies that 

{a; G I p{x, t) < 0} n n(^, xq) ^ V(^, sq) G §^"^ x 
for almost every t G [0,T). 

Remark 1.2 Previously Brando lese [2] (see also [3] for an independent result) 
derived 

p{x,t)dx = — I \vj{x,t)\'^dx 
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for all j = 1, ■ ■ ■ ,N, which can be derived from fll.Sp by integration over M 
with respect to Xj. 



Theorem 1.2 Let q G [2, ^) be given. Suppose v is a weak solution of 
{NS,E) on (0,T) such that v{t) G C(R^) n Ll{R^) and p{t) G C(M^) n 
L^(]R^) for some t G (0, T) . Then, the following formula holds for all R> 0. 

(N-l) [ Pi^dx+ I p{x,t)da 

Jux\>m fI Jux\=r\ 



{\x\>R} FI J{\x\=R} 

v\x,t)\^da- r ! \yl^^2pLdadr, (1.7) 

l{\x\=R} Jr J{\x\=r} fI 

where and v'^ are the normal and the tangential components of v on the 
spherical surfaces respectively. 

Let S C [0,T] be the set of singularity of the Leray-Hopf weak solution. It 
is well-known that S is the set of Hausdorff dimension less than or equal 
to 1/2(|6]). Since the solution v{x,t) can be identical to a smooth function 
for every t G [0,T] \ 5, we may assume without loss of generality that our 
solution v{x, t) below is spatially smooth for our choice of t G [0, T] \5, which 
is called the time of regularity. 

Theorem 1.3 Letv G L°°{0,T; Ll(R^))nL'^{0,T; H^{R^)) be a Leray-Hopf 
weak solution of (NS), and t G {s G [0,T]) \ S\p{-, s) G ^^(M^)}. Then, 

^^^dx < Vi? > 0. (1.8) 

'{\x\>R} fI 

Moreover, if there exist R> and t G {0,T)\S such that 

p{x,t) 



{\x\>R} 



\X\ 



dx = 0, (1.9) 



then, v{-,t) = for almost every t G [0,T). 



1.2 Axisymmetric flows in R 

Let > 3. We consider the system (NS, E) with the axial symmetry in 
M . Let us denote X = {x,xn) e R^-^ X R. We use spherical coordinates to 
represent namely 

a;=(p,^i,---,^^_2)GM+x§^-2, 
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where p = \x\, and 9i,--- ,9n-2 are the angular variables on S^~^. Let 
{cp, egj, ■ ■ ■ , eo^_2, Cat} be the canonical basis of this generalized cylindrical 
coordinate system. In this coordinate system the velocity field can be repre- 
sented as 

V = v^Cp + f^'eei H h f^^^'^ee^.^ + VNeN- 

By an axisymmetric fiow in we mean that each of the components 
f ^, ■ ■ ■ , f ^ does not depend on the angular variables 6^1, ■■ ■ , 6n-2- In this 
case the swirl free fiow means that v^^ = ■ ■ ■ = v^'^-^ = 0. 

Theorem 1.4 Let N > 3 and {v,p) be an axially symmetric classical solu- 
tion of {NS,E) without swirl on x (0,T). We define 

/(p,t) := / {ivPix,t)Y +p{x,t)}dxN. 

JR 

Then, I{p, t) decays monotonically in radial direction. More precisely, we 
have 

I{p2,t)-I{pi,t) = -{N-2) ^dxNdp<0 (1.10) 

Jpi JR P 

for all P2 > Pi > 0. In particular, if I{-,t) decays to zero at infinity, then we 
have 



p{<d,XN,t)dxN = {N -2) I I ^-^dx^dp. (1.11) 

Jo Jr P 

Thus, J^p{0,XN,t)dxN = implies v = in this case. 

Remark 1.3 Similar results hold if we have periodic condition in the direction 
of xat with period L. In this case (II. lip reduces to 

p{0,XN,t)dxN = (N -2) ^^dxNdp. (1.12) 

Jo Jr P 

2 Proof of the Main Results 

Proof of Theorem 1.1 Let us consider a radial cut-off function a G 
Co°°(M^) such that 

crix) = ai\x\) = {l (2.1) 
if \x\ > 2, 



and < cr(x) < 1 for 1 < |x| < 2. We set (Tr{x) = a(^) for R > 0. Given 
m G {1, ■ ■ ■ , N}, we set w{x) = e*^™^™-, and h{x) = w{x)aFi{x) in l \1.3L and 
pass -R — )■ oo. Then, from the hypothesis |f(-,t)p + G L^(M.^) one 

can apply the dominated convergence theorem to obtain 

= / <y Vj{x,t)vk{x,t)djdkw{x) + p{x,t)Aw{x) > dx 



-oo 



oo 



-e / / (it;™(x,t)r +p(x,t))dx:„ e^^-^-dx 



which shows that /(^m) = for all^^ 7^ 0, where we set /(x^) = J^N-i{\vm{x,t)\'^+ 
p{x,t))d:K'^. Since / G Co(M), we find that /(^m) = for all ^ by con- 
tinuity. Hence f{xm) = for almost every G M. □ 



Proof of Theorem 1.2 Let us consider the function rj G C^(]R^) such 
that 

lo, kl > 1, 

where the constant c is the normalizing constant so that J^r]{x)dx = 1. For 
£ > we define the sequence of moUifiers //^(x) = ^vi^)- Given R2 > Ri > 
we choose e below so that < e < min{i?i, -^^^y^}. For such Ri, R2, e, t]s{-) 
we define (pR,,R2,e{r) = ^R^,R2,ei\^\) by 

pr per 

^R^,R,Ar)= / {Ve{s - Ri) - %{s - R2)} dsda. (2.2) 
Jo Jo 

We observe that (pR^,R2,e{f^) satisfies 

v'r,,R2A^) MRi<r<R2}ir), ipR^^i^^^r) ^ 5{r- - Ri) - 5{r - R2) (2.3) 
as e -> in the sense of distribution. Moreover, for g G Co(M) we have 

pco pR2 

li"?, / v'R^,R2,ei.'^)9{.'r)dr = / g{r)dr (2.4) 
Jo JRi 
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for all R2 > Ri > 0, and 

POO 

lim / ^'4,^„e(r)^7(r)rfr = giR,) - (^(i?^). (2.5) 
Jo 

Let us choose the test function h in (11. 3p as 

h{x) = v?fii,ij2,£(|x|)crijdx|), (2.6) 

where (Tij(|x|) is the smooth cut-off function introduced in the proof of Theo- 
rem 1.1. Then, after passing i? — )■ 00, and using the dominated convergence 
theorem, (II. 3p becomes 



Vj{x,t)vk{x,t)djdk{(pR,,R2,e{\x\)}dx 

p{x,t)A{LpR^^R^^ei\x\)}dx (2.7) 

for every t G [0,T]. Then, since 

d,d,h{\x\) = - ^) h'{\x\) + ^h"{\x\), 
\ \x\ \x\-^ J jxp 

we obtain from (12. 7p that 

= / ¥^'^1,^2,^(^1) < Yl VjVk^^+p{x,t) } dx 



r f I |2 ^ 



+ (iV_i)^iM Wa;, (2.8) 



which can be rewritten as 



00 



v'Lr.M / {{v\x,t)f+p{x,t)] dadr 

J {\x\=r} 



J {\x\=r} 



(2.9) 
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Passing e — )■ in fl2.9l) . and using the facts fl2.4l) and fl2.5p . we deduce 



{{V'ix^t))^ +p{x,t))dG- 



{\x\=R^} 



Now we observe 



{{v\x,t)f +p{x,t))d(j 



{l^l=^?2} 



R2 

Ri J{\x\=r} 



\x\ 



\x\ 



dadr. (2.10) 



■dx 



{Ri<\x\<R2} 
< C 



\x\ 



< C 



\v{x,t)\' 



dx 



{\x\>Ri} FI 



\v{x, t)\''dx 



g-2 



-dx 



{|a;|>Ri} 1x19-2 



<c\Ht)\\l 



N~l 2_ , 

r i~^dr 



Ri 



q-2 
<3 



< OO 



(2.11) 



for q G [2, jyrj), and in the hmiting case q = 2 we have in mind the obvious 
estimate, 

Ri 



On the other hand, 



{\x\>Ri} F 

p(x,t) 



-dx<—Mt)\\h. 



dx 



\x\ 



{Ri<\x\<R2} 

<c\\pm^. 



< 



\p{x,t)\ 



dx 



{\x\>Ri} 
1 



\X\ 



q-2 
1 



-dx 



{\x\>Ri} \x\i-'^ 



<C\\v{t)\\L, [ I r^'-'-^^dr 



q-2 



< OO 



(2.12) 



for 1 < g < -^zii where we used the Calderon-Zygmund inequahty for the 

relation p = — X]j^fc=i ^i^fc^~H'^i'^A:)- Passing i?2 — ^ C)0 in f l2.10p . using the 
dominated convergence theorem, which is justified by the facts (12. lip and 
( 12321) . we obtain □ 

Proof of Theorem 1.3 We first observe the inclusion relation 

L°"(0, T; L\R^)) n ^^(0, T; H\R^)) C ^^(0, T; L^(M^)), 
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for any q E [2, ^] when > 2, and for all q G [2, oo) when = 2. Thus, 
for the Leray-Hopf weak solution v we have 

V e L2(0,T;L^(M^)), peL\0,T;L-2{R'')) 

for 2 < g < T > 0. Let h e [0, oo) \ S he fixed. Then, v{-,ti) and 

p(-,ti) are smooth functions. Now suppose there exists R>0 such that 

/ '-^dx > 0. (2.13) 

J{\x\>R} fI 

Then, the formula (11. 7p implies that 



'{\x\=R} 

Let us define 

Ri = inf {r > R 



/ p{x, tijdo < 0. 



'{|x|=r} 

By the hypothesis (I2.13P and the identity 



/ p(x, ti)da > > 

i{|x|=r| J 



/ I ^'^ (ix = [ ~ [ p{x,ti)dadr 

Jux\>R} fI ifi i||a:|=r) 



'{\x\>R} FI J{|a:|=r} 

we have R < Ri < oo. Moreover, 

p{x, t 



P '-^da = 0, (2.14) 

{\x\=Ri} ^1 



and, since 

"Ri 

'{R<\x\<Ri} \^\ Jr J{\x\=r} 

we have 

p{x,ti) f p{x,ti) 



fI Jnx\=r} fI 



iZrfa;> / t^±lllldx>0. (2.15) 

{|x[>_Ri} 1^1 '^{k1>-R} 1^1 

Combining f l2.14p and f l2.15p with the formula (11. 7p we have the contradiction. 
Therefore we obtain (II. 8p . Next, we suppose there exists t2 G [0, oo) \5 such 
that 

^^"''^lrfa; = (2.16) 



{\x\>R} FI 



Then, by the formula fll.7p we have 

p{x,t2] 



j 



'{\x\=R} \X\ 

We claim that there exists R2 G [-R, 00) such that 



da < (2.17) 



y{xM)?da{x)+ / / ^^^^^i^darfr = 0. (2.18) 



{\x\=R2} JR2 J{\x\=r} 



\X\ 



In the case of equality in fl2.17p . combining this with fl2.16p we have f l2.18p 
by the formula (11. 7p . If the strict inequality holds in (I2.17p . then, we define 
R2 e [R, 00) by 

Ro = inf > R 



p{x, t2)da > > . 

{\x\=r} J 

Note that (I2.16P implies R < R2 < 00. Then, by (I2.16P and continuity of 
p(-, ^2) we have 

P<^'*='-dx>0, (2.19) 



/ 



'{N>i?2} Fl 

which contradicts (II. Sp . Thus, we have established (I2.18p . from which we 
immediately have 

v'-{x,t2) = on {|a;| = i?2}, (2.20) 

and 

vix, ta) = v'{x, t2) on {|x| > R2]. (2.21) 
In particular, (I2.2ip implies that 

= divt; = -^a,{r^-V(x,t2)} = on > i^a} 

and hence 

v'^{xM) = ^ on{|x|>i?2}, (2.22) 

where C = C{9,t2) depends only on the angular variables 6 G §^~^ and ^2- 
Passing r I R2 in (12.220 . and applying the condition (I2.20p . we obtain C = 0. 
Thus we have f(-,t2) = on > R2}. Since ^(-,^2) is a Leray-Hopf weak 
solution with a compact support on M^, we conclude v = on R^x[t2,t2+e) 
for some e > 0(see e.g. [7J). Thus, we conclude that v = almost everywhere 
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in X [0,T). □ 



Proof of Theorem 1.4 We consider 



fnA^) = / Ve{s - R)ds, 
Jo 



(2.23) 



where rj^{-) is the approximation of identity defined the proof of Theorem 1.2. 
Below we denote v := {vi, ■ ■ ■ ,Vk,0), which is the projection of v{x,t) G M"^ 
onto R^-\ and := f ■ T?i . Then, similarly to the proof of Theorem 1.2 we 

\x\ 

compute 



+ / ^ke(l^l) 



\v{x,t)(^ 



^ Vj{x,t)Vk{x,t) 

j,k=l 



X jX}^ 



{xn) dx 



+ {N-2) I ^'^^^Mf-^aaAxr.)dx 



1 f Xj\[ 

—52 / {vNix,tf +p{x,t)}ipR^si\x\)cr"{^)dx 
jRiv -ft 

-wY. v,{x,t)^v^{x,t)vn,smcr'&dx. (2.24) 



Passing i?i — )■ oo in f l2.24p . using the dominated convergence theorem re- 
peatedly, we obtain that 



\X\ 



dx = (2.25) 



Let us denote by a; at the volume of the unit ball in M^. Using the cylindrical 
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coordinate system, and integrating by part, we have 

= {N- 1)UJN-1 

= -{N - 1)con-i 

_(Ar-2)(iV-l)a;jv-i 
Therefore we can rewrite (12.251) as in following. 




p ) dx 

V'R.e{p)iivn'+P)p''-'dpdXM 





= {N-1)un-i 

-iN-l)cUN-l 



— : — (p| -Vp) + '^RAP) : — 



"^dpdxN 




^'n,eip)Mi^''y+P)p''~'dpdx^ 



(iV- l)a;jv-i 

-{N - 1)C0N-1 



(iV-2)(iV-lV^„i 

V'R,eip) 




v'nApKi^'f+P)p''-'dpdx^ 




i\v\'-iN-l)ivn') 



p^ '^dpdxN 




v'nM9pi(^')+P)P dpdx^. 



(2.26) 



Passing e 4 in (I2.26P and dividing by {N — 1)ujn~iR^ ^, and setting R = p, 
we obtain 



dp I {p{p,XN,t) + {v^{p,XN,t)) }dXN 

_ 1 
P 



{\v{p, xn, t)|' -{N- l){vP{p, xn, t)f} dxN 

- I [y,{v''{p.XN.t)f - {N - 2){vP{p,xnM\ dxN. 
P Jr [ ^.=1 J 

(2.27) 



In the case of the swirl free flows we have 



dp / ip+ivr)dxN 



{vPfdxN. 



(2.28) 
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Integrating fl2.28p over {pi, P2) we find that 
/(p2,t)-/(pi,t) = -(iV-2) , 




dx^dp 



(2.29) 



pi 



In the case when J(+cxD,t) = 0, the equahty f ll.lip follows by taking the 
limits P2 — > c>o, and then pi — )■ in fl2.29p . observing v''{p,xiy,t) — )■ as 
p — for all xj\f E M, t E [0, T] if v{x, t) is a classical solution of (NS,E). □ 
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